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Abstract

The periodic behavior of residual dipolar couplings (RDCs) arising from nucleic acid and protein secondary structures is shown
to be more complex and information-rich than previously believed. We have developed a theoretical framework which allows the
bond vector orientation of nucleic acids and the peptide plane orientations of protein secondary structures to be extracted from their
Dipolar waves. In this article, we focus on utilizing ‘‘Dipolar waves’’ of peptides to extract structure information, and describe in
more detail the fundamental principles of the relationship between the periodicities in structure and RDCs, the practical procedure
to extract peptide plane orientation information from RDC data, and assessment of errors using Monte-Carlo simulations. We dem-
onstrate the utility of our method for two model a-helices, one kinked and one curved, and as well as an irregular b-strand.
Published by Elsevier Inc.
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1. Introduction

The vast majority of protein and nucleic acid struc-
tures consist of highly regular secondary structures, such
as a-helices, b-strands, and duplexes. These regular sec-
ondary structures are the building blocks that are ar-
ranged in three-dimensional space to form the
scaffolds of protein and nucleic acid structures. These
building blocks are highly repetitive and periodical in
nature, a property which is reflected in any type of geo-
metric physical measurements, such as residual dipolar
couplings (RDCs) [1–3].

When a protein or nucleic acid sample is dissolved in
an alignment medium (pf1 phage, DMPC/DHPC, pur-
ple membrane, etc.), dipolar interactions between spins
are no longer averaged to zero. In a weakly aligned solu-
tion, this interaction is called the residual dipolar cou-
pling because it is only a factor of 10�3 compared to
its static value [4]. The amplitude and sign of the RDC
depends on the orientation of the vector connecting
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the pair of spins relative to the alignment axis system
in a magnetic field. For this reason, the RDC is said
to contain orientation information about how a pair
of spins (atoms) are aligned in relation to a common ref-
erence system, i.e., the alignment tensor axis system, and
have been used for structure determination in various
ways since the late 1990s [5–8].

Since the RDC reflects the orientations of a spin pair,
it is rather intuitive and obvious in retrospect that the
repetitiveness and periodicity in regular protein and nu-
cleic acid secondary structures are closely correlated to
the amplitude and sign of the RDC. When they are plot-
ted vs. the residue number of a regular secondary struc-
ture, the RDCs show a periodical pattern (Fig. 1) [1–3].
The significance of this Dipolar wave should not be
underestimated. First, it provides a direct link between
regular secondary structure and RDC measurements,
as illustrated in Fig. 1. What is shown in Fig. 1 is not
only the periodic pattern of the Dipolar wave but also
a certain resemblance of the Dipolar wave to the struc-
ture itself if the molecule is aligned at particular angles
relative to the alignment tensor axis system. In other
words, the wave itself is indicative of the type of second-
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Fig. 1. The periodicity inherent in a duplex structure is strikingly
mirrored in the Dipolar Waves when a duplex is orientated at a
particular angle. In this case, the Dipolar wave from the ribose C1 0H1 0

for a B-form DNA duplex oriented at (H,U) = (40�, 90�) is shown.
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ary structure element. Second, the shape and amplitude
of the Dipolar waves depend on the orientation of the
structure elements in relation to the alignment axis sys-
tem [2]. When the RDC is explicitly written in terms of
the spin pair orientation in a molecular frame in rela-
tionship to the alignment tensor system, one can extract
the orientation information of spin pairs as well as that
of the secondary structure elements [2].

In the case of protein, the peptide backbone consists of
consecutive peptide planes. Within a peptide plane, there
are a number of spin pairs whose RDCs are experimen-
tally measurable. The orientation of inter-nuclear vectors
connecting these spin pairs within the plane is dictated by
the constraints of planarity of the peptide backbone and
its chemical bond angles. When the orientations of inter-
nuclear vectors within the plane are considered collec-
tively, the RDC can be expressed explicitly in terms of
the plane orientation (Eq. (4)). The plane orientation is
defined by its normal vector, plus a rotation around the
normal (Fig. 3) in spherical coordinates. The significance
of the interpretation of the RDC in terms of the planarity
as the intrinsic peptide backbone structural feature is
twofold. First, it eliminates numerous possible bond vec-
tor orientations that would otherwise satisfy RDC values
when RDCs are considered individually but significantly
deviate either from planarity or the chemical bond angles
of the peptide plane. Second, when considering the pep-
tide plane normal vectors these normals also exhibit peri-
odicity in regular secondary structure. Therefore, when
the RDC is expressed in terms of both planarity and peri-
odicity in an explicit analytical equation (Eq. (4)), RDCs
can be interpreted more directly in a ‘‘structural’’ way.

Using Eq. (4) one can extract orientation information
pertinent to both individual bond vectors and secondary
structure elements because the structure is determined
directly in the alignment tensor axis system using the
intrinsic constraints of periodicity and planarity (unpub-
lished result). This report gives a more detailed account
of the intricate relation between the RDC and periodic-
ity and planarity, and how this can be used to derive lo-
cal structural information of individual peptide plane
orientations in a global reference system. This approach
is distinct from the existing singular value decomposi-
tion (SVD) method [7] that relates the alignment tensor
to a known molecular structure (solving for the Saupe
matrix elements) without yielding new local structure
information. We should point out that relating bond
vectors within a peptide plane to solid state NMR mea-
surements has been considered previously [9–11]. In this
report we present a detailed account for a rigorous the-
oretical treatment of the correlation between the period-
icity, planarity, and RDC measurement.
2. Theory

2.1. Periodicity in the RDC

For structural elements of a known type, such as the
duplex in nucleic acids, or a protein a-helix or b-strand,
the RDC between nuclei A and B, DAB, can be expressed
in terms of the coordinate system most natural to the
structure. In this coordinate system, the orientation of
the secondary structure mean axis is defined by the
spherical angles (H,U) with respect to the alignment
frame, and an individual inter-nuclear vector is refer-
enced to this axis by use of spherical angles (di,qi).
The slant angle, di is the angle the inter-nuclear vector
AB makes with the structure axis, with qi the phase of
the inter-nuclear vector about this axis. For a structural
element with axis oriented along the principle alignment
axis Z, the inter-nuclear vector AB is hence given in the
usual spherical coordinate notation as

r̂AB;sec :str: ¼ ðsin dAB cos qAB; sin dAB sin qAB; cos dABÞ ð1Þ
with the inter-nuclear vector orientation for an arbitrary
alignment (H,U) given by r̂AB ¼ RzðUÞRyðHÞr̂AB;sec :str:.

By expressing the RDC equation using this coordi-
nate system, RDCs are seen to possess periodicity in
the azimuthal angle, qi whose amplitude is modulated
by coefficients dependent on H, U, and di [2]

DAB;i ¼ C1ðH;U; diÞ cos 2qi þ C2ðH;U; diÞ sin 2qi

þ C3ðH;U; diÞ cos qi þ C4ðH;U; diÞ sin qi

þ C5ðH;U; diÞ: ð2Þ

This equation is universally applicable to any period-
ical structural element. In it, qi = q1 + 2p(i � 1)/T is the
phase of the inter-nuclear vector AB in the ith residue,
which is related to the phase of the inter-nuclear vector
of the first residue, q1, and to the period, T (T � 11 res-
idues/turn for A-form T � 10 residues/turn for B-form
nucleic acids, and T � 3.6 residues/turn for an a-helix
and T � 2 residues/turn for a b-strand in a protein).
The coefficients Ck = Ck (H,U,di) are given in Table 1.



Fig. 2. A three-dimensional view of the dependence of the shape of an
Dipolar wave on the orientation of the secondary structure polar angle
H. Shown is the simulated Dipolar wave (Eq. (2)) arising from the
C1 0H1 0 of a 24-mer of A-RNA as a continuous function of the duplex
axis polar angle H. The azimuthal angle is fixed at U = 20�, with
Da = �14.5 and R = 1/3.

Table 1
RDC-periodicity Eq. (2) coefficients

C1 (H,U,di) = (3Da/16)(4 + 6Rcos2U + Rcos2(U � H) � 4cos2H + Rcos2(U +H)) sin2 di
C2 (H,U,di) = (�3Da/2)RcosH sin2Usin2di
C3 (H,U,di) = (3Da/4)(Rcos2U � 2)sin2H sin2di
C4 (H,U,di) = �6DaR sinH sinUcosU sindicosdi
C5 (H,U,di) = (Da/32) (4 + 6Rcos2U � 3Rcos2(U � H) + 12cos2H � 3Rcos2(U +H)) (3cos2di + 1)
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The periodicity in qi in Eq. (2) reveals a pronounced
dependence of the shape and amplitude of the Dipolar
wave on H and U, and therefore bears information
about the alignment of a structure in an alignment med-
ia. Hence, the equation can be used to extract orienta-
tion parameters from a Dipolar wave. The complex
shapes of Dipolar waves and their dependence on the
alignment polar angle H is illustrated in a three-dimen-
sional plot in Fig. 2. Eq. (2) shows analogous functional
dependence of the Dipolar wave shape with U (not
shown). We note that for an inter-nuclear vector such
as the NH vector with slant angle lying close to the sec-
ondary structure element axis (small di), the dipolar
wave (Eq. (2)) may appear sinusoidal. However, this
approximate sinusoidal behavior is not maintained for
all orientations of the secondary structure axis in the
alignment frame.

2.2. RDC and peptide plane periodicity

Although the principle of periodicity discussed in the
previous sections is applicable to any periodic structural
elements, in the case of regular protein secondary struc-
tures, the sampling rate of the Dipolar wave for each
type of spin pair is approximately 3.6 and 2 residues/
turn for a-helix and b-strand, respectively, far fewer
than that of the nucleic acid duplex. Consequently, the
Dipolar wave is in general not well-enough defined to
extract useful orientation information if individual types
of spin pairs are considered separately. However, pep-
tide backbone atoms lie within consecutive peptide
planes. Therefore, the geometric relationships among
spin pairs in a peptide plane and the planarity constraint
of the peptide linkage can be utilized so that several
types of RDCs can be considered collectively to orient
the common unit of the peptide plane. This is done by
building the geometric relationships of the peptide plane
into the RDC equation, thereby expressing the RDCs in
terms of the plane orientation. The orientation of the
peptide plane is defined by three angles as shown in
Fig. 3. The first two of these angles are the tilt, dn, and
phase, qn, which define the normal vector of the peptide
plane according to n̂ ¼ ðsin dn cos qn; sin dn sin qn; cos dnÞ.
The third angle is cAB, which represents the rotational
orientation of the AB inter-nuclear vector in the plane
about the normal vector. We refer to cAB as the pitch,
because in the case of the a-helix, cAB is a measure of
the pitch of the helix at that plane position.

Using these three angles, any inter-nuclear vector in
the jth peptide plane in a structural element with its axis
on the alignment frame principle axis Z can be written
as (for clarity we have omitted the peptide plane sub-
script j from the angles dn, qn, and cAB)

r̂AB;sec :str:
j ¼

� cos dn cos qn cos cAB � sin qn sin cAB

� cos dn sin qn cos cAB þ cos qn sin cAB

sin dn cos cAB

0
B@

1
CA:

ð3Þ
Using Eq. (3), we can now obtain the expression for

an inter-nuclear vector in any structural element aligned
at an arbitrary orientation (H,U) by two rotations:
r̂AB
j ¼ RzðUÞRyðHÞr̂AB;sec :str:.
To define the pitch angle of the peptide plane, one of

the in-plane inter-nuclear vectors was used to serve as a
reference. We arbitrarily defined the peptide plane pitch
angle cn as the pitch angle of the r̂HN

j inter-nuclear vec-
tor. This means that the value of the pitch angle of
any other inter-nuclear vector r̂AB

j will be related to that
of r̂HN

j by cAB = cn + const., where const. = 56.5�,
�60.5�, and �37.4� for r̂CaCj , r̂NC0

j , and r̂HC0

j , respectively.



Fig. 4. The peptide plane RDC periodicity. (A) The calculated Dipolar
wave (small Æ) generated by a hypothetical set of spin-pairs in the
peptide plane whose inter-nuclear vector pitch angle, cAB, ranges from
�180� to +180�. The RDCs were calculated using the axial alignment
of a HN spin-pair, DHN

a ¼ �15:0 and R=2/3 with fixed orientations
ðdn;qn

1Þ ¼ ð101:9�; 0�Þ and (H,U) = (20�, 60�) using the Eq. (4). The
HN-normalized RDCs corresponding to the measurable 1DNH,

1DCaC0 ,
1DNC0 , and 3DHC0 are shown lying on the Dipolar wave (large d). (B)
The angular distribution of in-plane peptide bond vectors. The relative
angles among the bond vectors are defined by chemical geometry. The
background thin arrows are separated by 5�. If RDCs were generated
from HN bond vectors at the orientations of the thin arrows, the
Dipolar wave shown in (A) would result. (C) The experimentally
accessible RDCs are represented by the vectors connecting the spin-
pairs from which they arise. The vectors represent an angular sampling
range of �120�, or about 2/3 of the period of a peptide plane Dipolar
wave.

Fig. 3. (A) An a-helix backbone structure defined by consecutive
peptide plane orientations. The plane normal vectors which define the
plane orientations are indicated with red arrows. (B) The definition of
the peptide plane orientation tilt (dn), phase (qn), and pitch (cn). The
orientation of the peptide plane normal vector n̂ is determined by the
tilt and phase in the usual spherical coordinate sense according to
n̂ ¼ ðsin dn cosqn; sin dn sin qn; cos dnÞ. The pitch is the clockwise rota-
tion of an inter-nuclear vector about the normal vector.

J.D. Walsh, Y.-X. Wang / Journal of Magnetic Resonance 174 (2005) 152–162 155
These angles represent the mean value from the helices
of the high resolution crystal structure of subtilisin
[12]. Therefore, a peptide plane orientation is uniquely
determined by the angles (dn,qn,cn), with the actual
RDC values obtained from these angles plus the con-
stant angular offset of the particular spin pair AB in
question.

This means that the RDC equation can be written as
a function of the three peptide plane orientation angles

DAB
j ðH;U;dn;qn; cnÞ
¼Dafð�1þ 3R=2Þ½sinUðcosdn sinqn cos cAB � cosqn sin cABÞ
� cosH cosUðcosdn cosqn coscAB þ sinqn sin cABÞ
þ sinH cosU sindn cos cAB�2 � ð1þ 3R=2Þ
� ½� cosUðcosdn sinqn coscAB � cosqn sin cABÞ
� cosH sinUðcosdn cosqn coscAB þ sinqn sin cABÞ
þ sinH sinU sindn coscAB�2 þ 2½cosH sindn cos cAB

þ sinHðcosdn cosqn cos cAB þ sinqn sin cABÞ�2g: ð4Þ

The plane orientation angles can therefore be ex-
tracted using the RDCs of multiple in-plane spin pairs
AB, all of which must fit a common compliment of
(dn,qn,cn). The determination of the peptide plane orien-
tation is further aided by RDCs from neighboring Ca

tetrahedral centers (see below). As a result of this, the
Dipolar wave, whose concept has gone beyond a simple
wave, is well defined by N · 3.6 points/turn for an a-he-
lix (N is the number of types of RDC that are experi-
mentally measured). There are 4–5 in-plane commonly
measured RDCs per peptide plane, plus two additional
RDCs involving the Ca tetrahedral center (see Ca tetra-
hedral center, below).

Since the RDC bears no translational information as
far as the relationship between a spin pair and alignment
tensor axis is concerned, the spin pairs within the pep-
tide plane can be considered as vectors that fan out in
a radial distribution. The relative angles between the
vectors are those of the relative bond angles in the pep-
tide plane. Therefore, the RDCs of this collection of spin
pairs are also periodic when plotted against their pitch
angle in the plane (Fig. 4A). This ‘‘peptide plane period-
icity’’ wave is not evenly sampled because of the nature



Fig. 5. The expanded Dipolar wave concept incorporates both
secondary structure and peptide plane periodicity. The peptide plane
periodicity (in pitch, c) is shown nested within the secondary structure
periodicity (in residue number/phase q). The RDCs were generated
from a model a-helix with ðdn; qn

1Þ ¼ ð101:9�; 0�Þ and (H,U) =
(20�,60�) DHN

a ¼ �14:5, R = 2/3.
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of the peptide plane geometry (Figs. 4B and C). The
‘‘peptide plane periodicity’’ represents a second dimen-
sion that the concept of the Dipolar wave has been ex-
panded into. If the RDCs of a protein a-helix are
plotted on the z-axis against the ‘‘peptide plane period-
icity’’ pitch angle, cAB, on the x-axis and the peptide
plane phase, qn (as represented by the peptide plane
number) along the y-axis, the full nature of the ex-
panded Dipolar wave concept becomes apparent (Fig.
5). The entire surface of this expanded Dipolar wave de-
pends on the overall alignment of the secondary struc-
ture element as well as the particular orientations of
individual plane normal vectors.

2.3. Planarity and Ca tetrahedral center

Like the peptide plane, the tetrahedral configuration
around Ca, represents a well-defined chemical geometry
Table 2
Tetrahedral parameters for the Ca center

Angles (�)

TNCaC0 rðTNCaC0 Þ
a-helix 111.4 1.32
b-strand 109.13 2.09
All other 110.82 2.38

Vectors

â b̂

a-helix (0.564, �0.826, 0.000) (0.548, �0.835, 0.000)
b-strand (0.579, �0.815, 0.000) (0.577, �0.816, 0.000)
All other (0.568, �0.823, 0.000) (0.564, �0.823, �0.000)

Parameters were extracted from the 0.78 Å resolution Subtilisin crystal struct
Ca makes with backbone atoms is signified by rðTNCaC0 Þ. The accuracy of the
r (CaHa), which is the average angular difference between the r̂CaHa inter-nucle
crystal structure.
in proteins. The RDCs of pairs of nuclei associated with
the Ca tetrahedral center place constraints on the rela-
tive orientations of the peptide planes that flank it.
The geometric relationship between the tetrahedral cen-
ter and neighboring peptide planes is well conserved in
high resolution crystal structure (see Table 2). In partic-
ular, the tetrahedral angle TNCaC0 between N, Ca, and C 0

as well as the relationships between the plane made by
CaN, and CaC

0
and the CaHa and CaCb inter-nuclear

vectors are well conserved. These relationships were
exploited to refine peptide plane orientations.

The tetrahedral center and the neighboring two pep-
tide plane orientations ðdnj ; qn

j ; c
n
j Þ and ðdnjþ1; q

n
jþ1; c

n
jþ1Þ

were correlated to the RDCs associated with Ca. Analyt-
ically this was accomplished by first noting that two
neighboring plane orientations give rise to the inter-nu-
clear vectors r̂CaNj and r̂CaC

0

jþ1 (Eq. (3)) and therefore define
the tetrahedral angle TNCaC0 between them. A plane ori-
entation may therefore be in part determined on the ba-
sis of best agreement with the nominal protein
tetrahedral angle at Ca (Table 2). Second, neighboring
peptide plane orientations give rise to a unique r̂CaHa

j

and r̂CaCbj from which a theoretical 1DCaHa and 1DCaCb

can be calculated and compared to their experimental
values, further refining the plane orientations. To gener-
ate r̂CaHa

j and r̂CaHb
j from the neighboring peptide planes,

the r̂CaNj and r̂CaC
0

jþ1 inter-nuclear vectors were used to con-
struct a local right-handed coordinate system at the tet-
rahedral center Ca,j (the tetrahedral center j and
associated inter nuclear vectors r̂CaHa

j and r̂CaHb
j are de-

fined to lie between planes j and j + 1).

ŷj ¼ r̂CaNj ;

x̂j ¼ ðr̂CaC0

jþ1 � ŷjðŷj � r̂CaC
0

jþ1 ÞÞ=kr̂CaC0

jþ1 � ŷjðŷj � r̂CaC
0

jþ1 Þk;
ẑj ¼ x̂j � ŷj:

ð5Þ

The r̂CaHa
j and (r̂CaCbj inter-nuclear vectors can then be

constructed by rotating the ẑj vector about the axis â
by angle j, and about the axis b̂ by angle k, respectively:
j k r (CaHa) r (CaCb)

33.56 141.69 0.94 1.76
34.05 142.89 1.27 2.03
34.06 142.53 1.86 3.20

ure (pdb code 1GCI) [12]. The angular RMSD of the tetrahedral angle
transformation using the parameters â and j of the table is signified by
ar vector calculated from â and j, and the inter-nuclear vector from the
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r̂CaHa
j ¼ RâðjÞ̂zj; ð6aÞ

r̂CaCbj ¼ Rb̂ðkÞẑj: ð6bÞ

The axes â and b̂ (expressed in the local coordinate sys-
tem basis of Eq. (5)) and angles j and k are properties of
the peptide Ca geometry and are given in Table 2.
3. Methods

3.1. Procedure to extract the plane orientations from

RDCs

Periodicity, planarity, and the tetrahedral center are
used to extract the peptide plane orientations of a sec-
ondary structure through a three-step process outlined
below.

3.1.1. Alignment fit

The orientation (H,U) of a secondary structure ele-
ment in the alignment frame is determined using all
available RDC data related to the peptide backbone.
The data were fit using Eqs. (2) and (4) using a common
alignment (H,U). The fit alignment angles (H,U) were
constrained to lie in the first ‘‘quadrant’’ of the sphere,
H: [0�, 90�], U: [0�, 180�], since there are four equivalent
orientations of a secondary structure element which
yield the same Dipolar wave: ðH;U; qn

1; q
CaHa
1 Þ,

ðH;Uþ p; qn
1; q

CaHa
1 Þ, ðp�H; p� U; qn

1 þ p; qCaHa
1 þ pÞ

ðp�H; 2p� U; qn
1 þ p; qCaHa

1 þ pÞ.
The in-plane RDCs were fit under the assumption

that the planes in the secondary structure possessed a
uniform value for the tilt angle and the pitch angle, de-
noted as �d

n
and �cn, respectively. The values of the uni-

form tilt and pitch angles were fit, but required to lie
within a range of ±30� of the nominal tilt and pitch va-
lue for the particular type of secondary structure in
Table 3
Nominal parameters for secondary structure elements (InsightII)

Slant angles (dAB)

AB: C10H1 0 C2 0H2 0

Nucleic acid

A-form (RNA) 134.7� 72.9�
B-Form (DNA) 67.4� —

AB: HN CaC
0

Protein

a-helix 13.8� 46.0�
b-strand 76.0� 36.0�

Peptide plane angles

Tilt (dn) Pitch (cn)

a-helix 101.9� �7.3�
b-strand 119.3� �73.9�
question (see Table 3). The phase of the first peptide
plane, qn

1, was also fit (in a range 0–2p), with all subse-
quent phases of planes j = 1, . . . ,n generated from it
by qn

j ¼ qn
1 þ 2pðj� 1Þ=T . For a-helices the nominal va-

lue for the period of T = 3.6 residues (planes) per turn
was used, and in the case of the b-strand the period
was optimized in the range from T = 1.6 to 2.4 residues
(planes) per turn. For each set of non-plane RDCs, a
uniform tilt angle and the initial phase was fit (see Eq.
(2) and Table 3).

3.1.2. Peptide plane fit

The determination of the precise orientation of indi-
vidual peptide planes was accomplished with Eq. (4) uti-
lizing the secondary structure orientation (H,U)
determined in the alignment fit step. The RDCs arising
from each peptide plane were fit to Eq. (4) by optimizing
the three peptide plane angles qn, dn, and cn simulta-
neously. For each plane, each angle was optimized in
a limited range about the corresponding value obtained
in the alignment fit step: �d

n � 30�, qn
j � 30� ¼ qn

1þ
360�ðj� 1Þ=T � 30�, �cn � 30�. This range allowed for
peptide plane orientations to be fit which arise from lo-
cal deviations in structure as well as an overall curvature
or kink of the secondary structure (see Section 4). How-
ever, for a particular set of in-plane RDCs, there may be
more than one corresponding plane orientation. Within
the allowed angular fit range for tilt, phase, and pitch
there may be up to four separate plane orientations with
identical RDCs for in-plane spin-pairs. This ambiguity
was resolved and the correct peptide plane orientations
determined by use of the relationship between successive
peptide planes and the tetrahedral center.

3.1.3. Peptide plane orientations and the tetrahedral

center

The backbone secondary structure is completely
determined by the sequence of peptide plane orienta-
C30H3 0 C4 0H4 0 Imino

76.0� 83.2� 106.2� (G)/105.0� (U)
�86.4� 123.2� 84.7� (G)/84.0� (T)

NC 0 CaHa CaCb

71.7� 58.0� 149.0�
130.3� 87.4� 91.7�



Fig. 6. The structure of the kinked a-helix, shown in a cartoon
diagram on top, is represented in the peptide plane coordinate system.
The tilt, phase, and pitch angles for the kinked a-helix structure (o) are
shown together with the fit peptide plane angle (+). The fit (+)
represents the mean fit angle and the error bars the angular RMSD
obtained from a Monte-Carlo simulation fitting the RDC data
generated from the coordinates with superimposed normally distrib-
uted noise.
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tions of which it is made up. Because some peptide
planes possess multiple possible orientations for a given
in-plane RDC data set this results in multiple possible
sequences of peptide planes orientations (multiple possi-
ble backbone structures). The correct peptide plane se-
quence (backbone structure) was determined by
making use of the tetrahedral centers that flank a pep-
tide plane. For every possible sequence of peptide plane
orientations arising from the individual peptide plane
fitting step, corresponding tetrahedral 1DCaHa and
TNCaC0 values were calculated (see Section 2). The possi-
ble sequences of peptide planes were then sorted by the
sum of the 1DCaHa and TNCaC0 RMSDs to their target
values. The protein backbone structure was taken to
be given by the sequence of plane orientations with the
lowest RMSD to the target 1DCaHa or 1DCaHb as well
as lowest RMSD to the nominal tetrahedral angle
TNCaC0 .

3.2. Error estimation

Monte-Carlo simulations were run in order to deter-
mine the sensitivity of the determined peptide plane ori-
entations to random error in the RDCs. Normally
distributed noise with standard deviation r = 1.5 Hz
was superimposed on 1DCaHa r = 0.5 Hz noise superim-
posed on 1DNH, and r = 0.25 Hz noise was superim-
posed on 1DC0Ca, and 1DC0N , with the noise
distributions tails cut off at ±2r. The tilt, phase, and
pitch angles obtained from the fit of the four RDC data
sets with superimposed noise show a distribution about
the tilt, phase, and pitch angles obtained without super-
imposed noise. The width of this distribution is depen-
dent upon the orientation of the peptide plane in the
alignment tensor system (see Section 4).

3.3. Model secondary structures

Two model a-helices and a b-strand were constructed
using the Biopolymer module of InsightII (Accelrys, San
Diego, CA). The first helix was significantly kinked, con-
sisting of 18 peptide planes (19 amino acids) with uni-
form torsion angles of (u,w) = (�65�,�40�) except at
the 10th residue (between planes 9 and 10), where tor-
sion angles (u,w) = (�85�,�5�) were used. A ‘‘Canoni-
cally curved’’ helix consisting of 18 peptide planes was
built by assigning differing torsion angles for the ‘‘hy-
drophobic’’ (u,w) = (�59�,�44�) and ‘‘hydrophilic’’
(u,w) = (�66�,�41�) faces of the helix [13,14]. Lastly,
a b-strand was built containing both a twist and a cur-
vature, consisting of eight peptide planes. For all struc-
tures the mean secondary structure axis was arbitrarily
oriented at (H,U) = (20�, 60�) with respect to the align-
ment tensor, with the phase of the first peptide plane
normal vector qn

1 ¼ 90�. Residual dipolar couplings were
then generated directly from the inter-nuclear vector ori-
entations for the spin pairs HN, CaC, NC 0, and CaHa,
using DHN

a ¼ �15, and R = 1/3.
4. Results

4.1. Kinked a-helix

The alignment fit to the 1DNH,
1DCaC0 , 1DNC0 , and

1DCaHa data for the kinked helix yielded
(H,U) = (20�, 58�), a phase qn

1 ¼ 95�, and uniform tilt
and pitch angles of �d

n ¼ 104� and �cn ¼ �11�. The
RMS deviations of the alignment fit were rNH = 4.1 Hz,
rCaC0 ¼ 1:4 Hz, rNC0 ¼ 0:6 Hz, and rCaHa = 12.9 Hz.
These RMSD values indicate that the helix possesses sig-
nificant deviations from an ideal straight helix structure
aligned at the (H,U) = (20�, 58�). It is important to note
that without knowing the structure before hand, this he-
lix cannot be regarded as ‘‘simply’’ two straight helices
connected at a pivot point. Instead, it is a helix with sub-
stantial local deviations in peptide plane orientations
with respect to the mean helix axis (see Fig. 6).

The alignment parameters were used in the subse-
quent individual peptide plane fitting to determine the
local structure. The standard deviations between target
and fit in-plane RDCs were <10�3 Hz for all peptide
planes. The combination of peptide plane orientations
yielding the smallest errors in tetrahedral angles and



Fig. 7. The structure of the curved a-helix, shown in a cartoon
diagram on top, is represented in the peptide plane coordinate system
below. The tilt, phase, and pitch angles for the curved a-helix structure
(o) are shown together with the fit peptide plane angle (+). The fit (+)
represents the mean fit angle and the error bar the angular RMSD
obtained from a Monte-Carlo simulation fitting the RDC data
generated from the coordinates with superimposed normally distrib-
uted noise.
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RDCs gave 0.27� and 0.31 Hz for TNCaC0 and 1DHaCa

RMSDs, respectively. These small errors are due to vari-
ations in the tetrahedral geometry of the model. This
best combination of peptide plane orientations gave tilt,
phase, and pitch angles which agreed very well with the
original structure, yielding angular RMSDs of 0.08�,
0.35�, and 0.11�, respectively (fit not shown). These re-
sults demonstrate that individual peptide plane orienta-
tions can be very well fit, even when these vary
significantly, together yielding a globally kinked helix.

A Monte-Carlo simulation was run by adding ran-
dom error to the RDCs (see Section 3) to estimate the
sensitivity of the fit plane orientations to random mea-
surement errors. The resultant mean fit peptide plane
tilt, phase and pitch (+), and the standard deviations
are shown together with the corresponding original
structure angles (o) in Fig. 6. The figure clearly shows
the overall robustness of the procedure. The RMSDs
(all peptide planes taken together) are 2.7� for the tilt,
6.6� for the phase, and 2.5� for the pitch. The individual
peptide planes 5 and 11 show relatively large errors in
tilt and pitch, respectively. This is because at these par-
ticular angles in the alignment tensor system the RDC is
relatively insensitive to variation of the plane (bond vec-
tor) orientation.

4.2. Curved a-helix

The alignment fit to the synthesized RDCs from the
curved helix yielded an orientation of (H,U) =
(18�, 73�), and phase qn

1 ¼ 74�, with uniform tilt and
pitch angles of �d

n ¼ 103� and �cn ¼ �9�, respectively.
The standard deviations of the fit were rNH = 5.5 Hz,
rCaC0 ¼ 1:2 Hz, rNC0 ¼ 0:5 Hz, and rCaHa = 10.8 Hz. As
was the case in the kinked helix, these deviations are
indicative of local deviations in the structure (non-uni-
form peptide plane orientations) with respect to the
alignment fit axis.

The alignment parameters were used in the subse-
quent individual peptide plane fitting, yielding RMS
deviations between target and fit in-plane
RDCs < 10�3 Hz for all planes. The combination of
peptide plane orientation solutions yielding the smallest
errors in tetrahedral angles and RDCs gave 0.33� and
0.20 Hz for TNCaC0 and 1DHaCa RMSDs, respectively.
This best combination of peptide planes did indeed
reproduce the original structure accurately, as evidenced
by the fit tilt, phase, and pitch angles RMSDs of 0.07�,
0.22�, and 0.10�, respectively (fit not shown).

Addition of noise to the target RDCs though a Mon-
te-Carlo simulation yielded similar results to those of the
kinked helix, and are shown in Fig. 7. The RMSDs were
3.4� for the tilt, 6.3� for the phase, and 2.3� for the pitch.
However, for the curved helix the range of tilt angles is
significantly smaller, and therefore shows larger relative
errors, in particular in the tilt angles of plane 5, 10, and
12. Furthermore, the superimposed error is significant
enough to yield two distinct orientations for plane 2.
This is manifest in the reasonably large tilt error at this
plane, whose mean value differs significantly from that
of the original structure.

4.3. Irregular b-strand

The alignment fit of the RDCs yielded an orientation
of (H,U) = (22�, 60�), and phase qn

1 ¼ 82�, with uniform
tilt and pitch angles of �d

n ¼ 116� and �cn ¼ �72�, respec-
tively. The fit period was T = 1.79 residues/turn. The
standard deviations of the alignment fit were
rNH = 3.1 Hz, rCaC0 ¼ 0:9 Hz, rNC0 ¼ 0:5 Hz, and
rCaHa = 5.9 Hz.

The alignment parameters were used in the subse-
quent individual peptide plane fitting, which gave stan-
dard deviations between target and fit in-plane
RDCs < 10�3 Hz for all planes. The best-fit combina-
tion of peptide plane orientations yielded a standard
deviation in tetrahedral angle TNCaC0 of 0.21� and a stan-
dard deviation in 1DHaCa of 0.76 Hz. The fit tilt, phase
and pitch angles agreed very well with the original struc-
ture, yielding angular RMSDs of 0.11�, 0.33�, and 0.03�,
respectively (fit angles not shown).

Monte-Carlo simulation was again used to generate
error estimates for the plane orientation angles. The
resultant RMSDs were 2.7� for the tilt, 4.5� for the



Fig. 8. The structure of the irregular b-strand, shown in a cartoon on
top, is represented in the peptide plane coordinate system below. The
tilt, phase and pitch angles for an irregular b-strand structure (o) are
shown together with the fit peptide plane angles (+). The fit (+)
represents the mean fit angle and the error bar the angular RMSD
obtained from a Monte-Carlo simulation fitting the RDC data
generated from the coordinates with superimposed normally distrib-
uted noise. The nature of the b-strand is clearly evident in the phase,
which increments by approximately 180� from one peptide plane to the
next (mod 2p). The overall upward trend of the phase indicates the
larger phase increment (smaller mean period, T = 1.79 planes (resi-
dues)/turn) than the 180� phase increments of an ideal b-strand.
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phase, and 2.2� for the pitch. Fig. 8 shows the peptide
plane orientation angles obtained from the Monte-Carlo
simulation, demonstrating that the applicability of the
procedure is not limited to a-helices.
5. Discussion

The work presented here introduces the general con-
cept of the RDC periodicity planarity correlation that is
applicable to not only peptide planes arranged in repet-
itive and periodical patterns, but also to nucleic acid sin-
gle stranded helices and duplexes where the planar
motifs are nucleic bases, even though the detailed discus-
sion and description have been focused on peptide cases.
The geometric constraints of the secondary structure are
naturally built into the expressions for the RDCs by the
use of coordinate systems which lend themselves to this
purpose. Eq. (2) was derived using the spherical coordi-
nated system (see Eq. (1)) with the periodicity isolated in
the variable qi (Eq. (2)). In Eq. (4), the custom coordi-
nate system used (see Eq. (3)) contains the periodicity
of the peptide plane isolated in the variable cn, which
is nested within the secondary structure periodicity of
the peptide plane normal vector, described by qn. A final
coordinate system allows the relationship between
neighboring peptide planes and the tetrahedral inter-nu-
clear vectors to be established (Eqs. (5), (6a), and (6b)).
Fundamental to the entire method is the assumption of
planarity (Eq. (3)) and the consequent relationship be-
tween peptide planes and tetrahedral center (Eqs. (5),
(6a), and (6b)). Only the subset of solutions to the
RDC data which satisfy these geometric constraints
are found. Therefore, the protein secondary structure
determined in this manner is the best-fit to the RDC
data which consists of peptide planes linked by tetrahe-
dral centers.

The current RDC periodicity–planarity method dif-
fers in a further fundamental manner from the direct
refinement methods using RDCs: it uses a minimal data
size to solve for both the global and the detailed local
structure. Instead of relying on a multitude of semi-
qualitative distance constraints [15] and dihedral con-
straints [16] to determine the global and local protein
structure before the RDC restraints can be applied for
refinement [4], the RDC periodicity–planarity approach
determines both global structure and local peptide plane
orientations using only the RDC data from the peptide
planes and the intervening tetrahedral centers. The plane
orientations relative to the alignment tensor determined
in this way fully determine the protein backbone second-
ary structure.

The limited number of measurable RDCs per peptide
plane directly implies that the RDCs must be accurately
measured to apply the RDC periodicity–planarity meth-
od. In particular, it is clear from the basic RDC equa-
tion (Eq. (7)) that the accuracy of angular information
derived from a particular type of spin-pair depends on
the ratio of the RDC random measurement error to
the DAB

a of the spin-pair in question. Spin pairs with:

DAB=DAB
a ¼ 3cos2h� 1þ 3

2
R cos 2/sin2h;

DAB
a � cAcB=r

3
AB;

ð7Þ

smaller gyromagnetic moments, or separated by larger
distances, yield greater angular error than do spin-pairs
with higher gyromagnetic moments, or separated by
smaller distances, if the random measurement errors
are equal for both. Since all RDCs from a given peptide
plane are utilized together in the context of Eq. (4) all
RDCs must be measured accurately for that particular
plane orientation to be determined accurately. Further-
more, since the in-plane RDCs do not in general un-
iquely determine tilt, phase, and pitch of a peptide
plane, discrimination of the correct plane orientation
among the discrete set of possible solutions (see Section
3) is dependent on RDCs of the neighboring tetrahedral
centers. Therefore, errors in these must also be consid-
ered: depending upon the size of the error on the tetra-
hedral center RDC and its orientation in the alignment
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frame, more than one possible peptide plane orienta-
tions may be possible (see below).

Monte-Carlo analysis indicates that realistic simu-
lated random experimental error superimposed on the
RDCs does not generally yielding spurious solutions
to the peptide plane orientations. The superimposed
RDC error in the Monte-Carlo simulations yielded
distributions in the tilt, phase, and pitch angles which
represent the solution to Eq. (4), with the solutions
of neighboring planes� orientation required to be con-
sistent with the RDC of the intervening tetrahedral
center. Fig. 9 shows the effect of superimposed simu-
lated random RDC error on the fit tilt, phase, and
pitch angles obtained for the canonically curved a-helix
(Fig. 7). Fig. 9A shows a typical distribution, with a
relatively more accurately defined pitch angle than tilt
or phase. The accuracy of the determined peptide plane
orientation is dependent upon its orientation in the
alignment frame, and some of the planes therefore
yielded more sharp distributions, as can be seen for
plane 4 (Fig. 9B) of the canonically curved a-helix.
However, in some cases the plane and neighboring tet-
rahedral RDCs yield two equally possible orientation
solutions when random noise is superimposed on them.
In the Monte-Carlo simulation, this is evidenced by
two distinct or semi-distinct (partially overlapping) dis-
tributions for the orientation of the peptide plane.
Overlapping distributions can lead to a relatively larger
error in the plane orientation, or in the case of distinct
distributions, to two distinct possible plane orienta-
tions. For example, Fig. 9C shows plane 2 of the ‘‘ca-
nonically curved’’ a-helix representing a worst-case
scenario, with two separate solutions, the incorrect
one possessing a tilt angle centered at �105� and being
the predominant population, and the correct peptide
plane orientation with tilt angle of �115� the smaller
population. Because the incorrect solution is predomi-
Fig. 9. Types of peptide plane orientation distributions obtained from Monte
a-helix aligned with (H,U) = (20�, 60�). The number of counts per 2� bin is ind
the phase in the middle and pitch on the bottom. (A) A typical distribution, sh
distribution indicating a very well-defined peptide plane orientation (Plane
alternate peptide plane orientations, which cannot be distinguished on the bas
distribution in the tilt angle results in the error in the predicted tilt orientati
nant (statistically most likely), it leads to the error in
the Monte-Carlo determined tilt orientation for plane
2 observed in Fig. 7. In cases such as this, where the
amount of data does not suffice to unambiguously dis-
criminate between two alternate plane orientations, a
second set of RDC data in a second alignment medium
should resolve the ambiguity.

The fundamental advance represented by the RDC
periodicity–planarity method is due to the ability to di-
rectly determine the orientations of all peptide planes
in secondary structures with respect to a common ref-
erence frame: the alignment tensor. This was made pos-
sible by using the known periodicity of secondary
structure types and the known periodicity of bond vec-
tors in the peptide planes. Together with the relation-
ship of the peptide planes to the tetrahedral centers,
enough constraints exist on the system to define the
peptide plane orientations directly with respect to the
alignment tensor coordinates. Only the global degener-
acy of four possible secondary structure alignments
remains. The detailed local structures which yield
kinks, curvature, or twists of a-helices and b-strands
are in almost all cases unambiguously resolved. This
result is in stark contrast to previous interpretation
of RDCs, in which the possible solutions to the orien-
tation of a bond-vector connecting spin-pairs was not
adequately constrained, yielding too many, incoherent
possible orientations. These orientations often ‘‘com-
pete’’ with one another in direct refinement using
RDCs, and can therefore only be used in refinement
of an already well characterized structure [4]. In the
RDC periodicity–planarity method however enough
of the constraints naturally existing in proteins struc-
ture are built directly into the interpretation of the
RDCs, and hence the RDCs work coherently to yield
the global and local structure, and can be used directly
in determining the structure.
-Carlo simulation of 100 runs (see Section 3) on the canonically curved
icated on the vertical axis, with the tilt angle in degrees plotted on top,
owing the sharpest distribution in the pitch angle (Plane 1). (B) A sharp
4). (C) A bimodal distribution in the tilt and phase, indicating two
is of the single noisy RDC data set. In this particular case, the bimodal
on seen in Fig. 7 (Plane 2).
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6. Conclusion

The complex periodicity in RDCs was shown to clo-
sely reflect the periodicity of secondary structures. The
Dipolar wave contains information about both global
alignment of protein secondary structure and local pep-
tide plane orientation. By exploiting the known geomet-
ric relationships among the atoms in the peptide plane in
a periodical secondary structure and their RDCs, we ex-
tracted the molecular frame coordinates in the form of
peptide plane orientations in relationship to the align-
ment axis system. These plane orientations were used
to determine structures.

6.1. Software availability

Matlab scripts for obtaining alignment, tilt, phase,
and pitch angles are available from the authors upon
request.
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